THE ATIYAH CONJECTURE AND ARTINIAN RINGS 
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^SJ ' Abstract. Let G be a group such that its finite subgroups have bounded 

order, let d denote the lowest common multiple of the orders of the finite 

subgroups of G, and let ii" be a subfield of C that is closed under complex 

, conjugation. Let VI{G) denote the algebra of unbounded operators affiliated 

| /^ l ' to the group von Neumann algebra M{G), and let 'D(KG,IA{G)) denote the 

division closure of KG in U{G); thus T>{KG,U{G)) is the smallest subring 

of U{G) containing KG that is closed under taking inverses. Suppose n is a 

positive integer, and a g T>A„{KG). Then a induces a bounded linear map 

a: £ (G)" -^ £ (G)", and ker« has a well-defined von Neumann dimension 

^^ ^ diiaj^(Q\(ker a). This is a nonnegative real number, and one version of the 

^j . Atiyah conjecture states that ddinij^(Q-,(kera) £ Z. Assuming this conjec- 

P^ ' ture, we shall prove that if G has no nontrivial finite normal subgroup, then 

_^ ' T>(KG,U{G)) is a d X d matrix ring over a skew field. We shall also consider 

1^ ^ the case when G has a nontrivial finite normal subgroup, and other subrings 

C^ , of U{G) that contain KG. 
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. 1. Introduction 

> ; 

OO , In this paper N will denote the positive integers {1,2, . . .}, all rings will have 

a 1, subrings will have the same 1, and if n G N, then M„(i?) will indicate the 
n X n matrices over the ring R and GL„(i?) the invertible matrices in M„(i?). 
Let G be a group, let P{G) denote the Hilbcrt space with orthonormal basis the 
elements of G, and let B{£'^{G)) denote the bounded linear operators on £^(G). 
r~^^ ' Thus we can write elements a € P{G) in the form X^ogg '^a9i where ag G C and 

^^ i TlineG 1*^9!^ *^ °°- Then CG acts faithfully on the left of £^(G) as bounded linear 

operators via the left regular representation, so we may consider CG as a subalgebra 
of B{l'^{G)). The weak closure of CG in B{£'^{G)) is the group von Neumann 
algebra M{G) of G. Also if n G N, then M„(CG) acts as bounded linear operators 
^ '. on ^2(G)» and the weak closure of this ring in B{l^{GY) is M„(7V(G)). Let 1 

indicate the element of f'{G) which is 1 at the identity of G and zero elsewhere. 
Then the map ^^ 61: M{G) -^ £'^{G) is an injection, so we may regard Af{G) 
as a subspace of £'^{G). We can now define tr: Af{G) ^ C by tr(a) = ai. For 
a G M„(7V(G)), we can extend this definition by setting tr(a) = X]"=i ^'^('^m)' 
where a^ are the entries of a. A useful property is that if a is a positive operator, 
then tr(a) > 0. Also we can use tr to give any right 7V(G)-module M a well 
defined dimension diTaj^/Q\ M , which in general is a non-negative real number or 
00 [ini §6.1]. If e is a projection in M„(7V(G)), then dimjv-(G) eM„(7V(G)) = tr(e). 
Furthermore if a G M„(A/'(G)), so a is a Hilbert space map ^^(G)" ^ ^^(G)", then 
since £^(G)" is a right A/'(G)-module, dim^(G') kera is well defined and is equal to 
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diin_\f(G){f3 G A/'(G) | a/3 = 0}. Finally Af{G) has an involution which sends an 
operator to its adjoint; if a = J^qeo'^ad^ then a* = J2neG^g9^^^ where the bar 
indicates complex conjugation. 

A ring R is called regular, or sometimes von Neumann regular, if for every a; G i?, 
there exists an idempotent e G -R with xR = eR [5l Theorem 1.1]. It is called finite, 
or directly finite, if xy = 1 implies yx = I for all x,y £ R. Finally a ^-regular ring 
it! is a regular ring with an involution * with the property that x G i? and x*x = 
implies x ^ 0. In a ^-regular ring, given x E R, there is a unique projection e such 
that xR — eR; so e = e* = e^. 

Let 1^{G) denote the algebra of unbounded operators on i'^{G) affiliated to Af{G) 
[lOl §8]. Then the involution on A/'(G') extends to an involution on U{G), and U{G) 
is a finite ^-regular algebra. Also if M is a right A/'(G')-module, then dim^(G) M = 
dim^(G) M (E)^f(G) ^(G); in particular dim^jc") eU{G) ~ tr(e). 

For any subring R of the ring 5, we let 2?(i?, S) denote the division closure 
of R in S] that is the smallest subring of S containing R that is closed under 
taking inverses. In the case G is a group and K \s & subfield of C, we shall set 
T>{KG) = V{KG,U{G))- For any group G, let lcni(G) indicate the least common 
multiple of the orders of the finite subgroups of G, and adopt the convention that 
lcm(G) = oo if the orders of the finite subgroups of G are unbounded. One version 
of the strong Atiyah conjecture states that if G is a group with lcm(G) < oo, 
then the L^-Bctti numbers of every closed manifold with fundamental group G lie 
in the abelian group t — ttjtZ- This is equivalent to the conjecture that if n G N, 
A G M„ (Q G) and a: f{GY -^ f [GY' is the map induced by left multipfication by 
A, then lcm(G) dim_A/(G) kera G Z [Q] Lemma 2.2]. In this paper, we shall consider 
more generally the case when the coefficient ring is a subfield of C 

Definition 1.1. Let G be a group with lcm(G) < cxo, and let iiT be a subfield of 
C We say that the strong Atiyah conjecture holds for G over K if 

lcm(G) dimjv'(G) kera G Z for all a G M„(ii'G). 

This is equivalent to the conjecture that if M is a finitely presented XG-module, 
then lcm(G) dwaj^^G)^ ®kgJ^{G) G Z [lOl Lemma 10.7]. Obviously if G satisfies 
the strong Atiyah conjecture over C, then G satisfies the strong Atiyah conjecture 
over K for all subfields K oi<C The strong Atiyah conjecture over C is known for 
large classes of groups; for example [71 Theorem 1.5] tells us that it is true if G has 
a normal free subgroup F such that G / F is an elementary amenable group. If K 
is the algebraic closure of Q in C, it is known for even larger classes of groups, for 
example [U Theorem 1.4] for groups which are residually torsion- free elementary 
amenable. The following result is well known; see for example 1 121 Lemma 3]. 

Proposition 1.2. Let G be a torsion-free group (i.e. lcm(G) = \) and let K be a 
subfield of C. Then G satisfies the strong Atiyah conjecture over K if and only if 
T){KG) is a skew field. 



The purpose of this paper is to generalize Proposition 11.21 We will denote the 
finite conjugate subgroup of the group G by A(G), and the torsion subgroup of 
A(G) by A+(G) (this is a subgroup, compare ITT^ Lemma 19.3]). We shall prove 

Theorem 1.3. Let G be a group with d := lcm(G) < cxd and A+(G) = 1, and let 
K be a subfield ofC that is closed under complex conjugation. Then G satisfies the 
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strong Atiyah conjecture over K if and only ifV{KG) is a d x d matrix ring over 
a skew field. 

It seems plausible that li K is a. subfield of C which is closed under complex 
conjugation and G is a group with lcm(G) < oo which satisfies the Atiyah conjecture 
over K, then T>{KG) is a semisimple Artinian ring. However we cannot prove this, 
though we are able to prove a slightly weaker result, and to state this we require 
the following definition. 

Definition 1.4. Let i? be a subring of the ring S. The extended division closure, 
£{R^ S), of i? in S* is the smallest subring of S containing R with the properties 

(a) If x e 8(R, S) and x^^ £ 5, then x e 5(i?, S). 

(b) If X G £{R, S) and xS — eS where e is a central idempotent of S, then e G 
£{R,S). 

Obviously £{R, S) D 'D{R, S). Note that if {Ri} is a collection of subrings of S 
satisfving |1.4r [5i) and ll.4[|b|) above, then P|^ Ri is also a subring of S satisfying [T^Ujlj) 
and ll.4[|b|) . consequently £{R, S) is a well defined subring of S containing R. Also 
if G is a group and K is a. subfield of C, then we write £{KG) for £{KG,U{G)). 
Observe that, if G is torsion- free and if the strong Atiyah conjecture holds for 
G over K, then 'D{KG) is a division ring, hence xV{KG) = T>{KG) for every 
^ a: G 'D{KG) and consequently £{KG) = V{KG) in this case. We are tempted 
to conjecture that this is always the case. We hope to show in a later paper that 
this should follow from a suitable version of the Atiyah conjecture. 

We shall prove 

Theorem 1.5. Let G he a group with lcni(G) < oo, and let K he a suhfield of C 
that is closed under complex conjugation. Suppose that G satisfies the strong Atiyah 
conjecture over K . Then £{KG) is a semisimple Artinian ring. 

Thus in particular if iiT is a subfield of C that is closed under complex conjugation 
and G is a group with lcm(G) < oo which satisfies the strong Atiyah conjecture 
over K, then KG can be embedded in a semisimple Artinian ring. Theorem 11.51 
follows immediately from the more general Theorem 12.61 in Section [2l 

In Section[3]we will show, somewhat unrelated to the rest of the paper, that KG 
can be embedded in a least subring oiU{G) that is =i=-regular. 

2. Proofs 

Let i? be a subring of the ring S and let G = {e G 5 | e is a central idempotent 
of S and eS = rS for some r G R}. Then we define 

C(i?,5) = ^ei?, 
eec 
a subring of S. In the case S = U{G), we write C{R) for C{R,U{G)). For each 
ordinal a, define £a{R, S) as follows: 

• £q{R,S)^R- 

. £^+^{R,S)^V{C{£^{R,S),S),S)- 

• £a{R, S) ~ [Jr^c, ^pi-^1 ^) if a is a limit ordinal. 

Then £{R, S) = IJ^ £a{R, S). Also in the case R = KG where G is a group and K 
is a subfield of C, we shall write £aiKG) for £a{KG,U{G)). If A C M, then {A) 
will indicate the additive subgroup of M generated by A. 
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Lemma 2.1. Let G be a group, let R be a subring oJU{G), let n G N, and let 
X ^ R. Suppose that xbi{G) = eLi{G) where e is a central idempotent ofU{G). 
Then (dimjv'(G) PHiGY' \ (3 e M„(i?)) = (dimjv-(G) aK{G)" \ a e M„(i? + eR)). 

Proof. Set E = ein, the diagonal matrix in M„(i? + eR) that has e's on the main 
diagonal and zeros elsewhere. Then i^ is a central idempotent in Mn{U{G)). Ob- 
viously 

(dim^(G) /3W(G)" I f3 e M„(i?)) C (dim^(G) cd^iG)" \ a e M„(i? + eR)), 

so we need to prove the reverse inclusion. Let a G M„(_R+ei?) and write a — (i+E^ 
where P,j £ M„(i?). Then we have 

dim^(G) aW(G)" - dim^(G)(/3 + j)Ell{G)" + dim^(G) /3(1 - E)ll{G)". 

Since dimjv(G) /3(1 - E)U{GY' = dim^(G) /3iY(G)" - dimAf(G) PEUiG)"", it suffices 
to prove that 

dimAA(G) EpU{Gr G (dimAA(G) ^^^(G)" | 6 G M„(i?)) 
for all P G M„(i?). But E/3U{G)'' = /3(a;/„)W(G)" and the result follows. D 

Lemma |2. II immediatelv gives the following corollary. 

Corollary 2.2. Let G be a group, let R be a subring oJlA{G), and let n G N. Then 
(dim^(G) aU{G) I a G M„(i?)) = '(dim^(G) aU{G) \ a G M„(C(i?))). 

Proof. Let ei, . . . ,6™ be central idempotents of IA{G) such that for each i, there 
exists Qfi G i? with eilA{G) = ailA{G). Then by induction on m. Lemma 12.11 tells 
us that the result is true if a G M„(i? + eiR + ■ • • + e^R). Since M„(C(i?)) is the 
union of M„(_R + eiR + ■ • • + e„iR), the result is proven. D 

Lemma 2.3. Let R be a subring of the ring S, let n G N, and let A G M„(X'(i?, 5)). 
Then there exist < to G Z and X,Y € Gljm+n{S) such that X dia.g{A, Im)Y G 

Mra+niR). 

Proof This follows from [5", Proposition 7.1.3 and Exercise 7.1.4] and \S, Proposition 
3.4]. D 

Lemma 2.4. Let G be a group and let K be a subfield of<C Then (dimj\/(G) xUiG) \ 
X G Mn{KG), n G N) = (dimAA(G) xU{G) \ x G M„(£:(KG)), n G N). 

Proof. Obviously 

(dimjv-(G) xU{G) I X G Mn{KG), n G N) C (dimjv-(G) xU{G) \ x G M„(£(XG)), n G N). 

We shall prove the reverse inclusion by transfinite induction. So let n G N and x G 
yin{S{KG)). Then we may choose the least ordinal a such that x G M„(£^Q(i^G)). 
Clearly a is not a limit ordinal, and the result is true if a = 0, so we may write a — 
/? + 1 for some ordinal (i and assume that the result is true for all y G Mn{£p{KG)). 
By Corollary [221 the result is true for all y G yin{C{£p{KG))) and now the result 
follows from Lemma [2^ D 



The following result from [6j will be crucial for our work here. Because of this, 
and because we use a slightly different formulation, we state it here. 

Lemma 2.5. O Lemma 2] Let G be a group, let n G N, and let ai, . . . ,an G U{G). 
Then {Y.%1 ajap^(G) 2 aiU{G). 
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Proof. By induction on n and 6, Lemma 2], we see that (^^^iCtja*)U{G) 3 
aialU{G). The result now follows by applying [6, Lemma 2] in the case (3 — 0. D 

Theorem 2.6. Let G be a group and let K be a subfield o/C which is closed under 
complex conjugation. Suppose there is an £ G N such that idimj^j-rQ^ aU[G)^ G Z 
for all a € MniKG) and for all n £ N. Then £{KG) is a semisimple Artinian 
ring. 

Proof. First observe that Lemma 12.41 tells us that 

(2.7) Idimj^^G) aU{G) G Z for all a e £{KG). 

Next note that the hypothesis tells us that £{KG) has at most i primitive central 
idempotents. Indeed if ei, . . . ,e£+i are (nonzero distinct) primitive central idem- 
potents, then acj = for i ^ j and we see that the sum @^^i eiU{G) is direct. 
But 

dimA,(G) eiU{G) - Y. diniAA(G) edA{G) > {I + \)/l > 1 

i=l i=l 

by (|2.7p . and we have a contradiction. Thus £{KG) has n primitive central 
idempotents ei,...,e„ for some n £ N, n < L For each «, 1 < J < "-, choose 
7^ a^ G ei£{KG) such that Amij^/iQ\ ailA{G) is minimal. 

FixmG {l,2,...,n}. Since £ dimj^(G) aW(G) e Z for all a G £:(i^G) by (ET]), we 
may choose gi,. . . ,gr G G with dim^((3)(^[^-^ giam^^g" )U{G) maximal. Note 
that if Qr+i G G, then 

r+l r r 



CYg^araa*„^g, ^)U{G) 2Y9ta,nll{G) D CYgia„^a*^g^ ^)1^{G) 

2—1 -i— 1 Z— 1 

by Lemma [^31 hence 

r+l r 

d\-mj^(^G)CY9iamal,gi'^)U{G) > d\mj^(^G)CYgtamal,g~^)U{G) 

1=1 i=l 

and by maximality of dim^j-gj (^[^j^ giam(y^g~^)U{G) ^ we see that 

r+l r 

dhiiA/-(G)(X!3'"™"mff»^^)^(^) = dim^(G)(^g,a,„a;;jg~^)^Y(G). 

1=1 1=1 

It follows that 

r+l r 

CYgtama*^gl'^)U{G) = (^gja„a;;g,"^)W(G) 

1=1 1=1 

and we deduce from Lemma [^31 that gamU{G) C (X][=i 3J"^mam3i^^)^(G) for all 
g € G. Let / G W(G) be the unique projection such that 

r 

/^Y(G)=^5.ama;,gr'^^(G). 

i=l 

Then 5/W(G) = E5ff»«™«™5r'^(G) C E5g,a„i^(G) C /^(G) for aU g G G, 
thus gfU{G) = fU{G) and we deduce that gfg-^U{G) = fU{G) for all <? G G. 
Also gfg^^ is also a projection, thus gfg~^ — f for all g G G and we conclude 
that / is a central projection in £{KG). Since / ^ 0, fU{G) C emU{G) and e™ is 
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primitive, we conclude that / = em and consequently J2l=i 9i'^"il^{G) — emU(G). 
By omitting some of the terms in this sum if necessary, we may assume that 

(2.8) Y. 9^(^rnU{G) ^ emU{G) 

l<z<r, i^s 

for all s such that 1 < s < r. We make the following observation: 

(2.9) If 7^ x e g.amSiKG), then xU{G) = g,amU{G), 

where 1 < s < r. This is because ^ xlA{G) C g^amUiG) and by minimality 
of dim^^g) amU{G), we see that dim^^g) xU{G) = dim^^g) gsarrM{G) and conse- 
quently xU{G) — gsamU{G). 

We claim that em£{KG) = @\^^giam£{KG). Set a = {YJi=i 9i'^m<Kn9i^) ■ 
Since aU[G) = emU{G), we see that 

(a + (1 - era))U{G) 3 aU{G) + (1 - e„)W(G) = e„W(G) + (1 - era)U{G) = U{G). 

Therefore, cr + 1 — e™ is invertible in U{G) and hence ct + 1 — e^ is invertible in 
£{KG). Thus 

e™a5(ifG) = e„(a + 1 - e„0£:(i^G) = em£{KG). 

Moreover, cr£{KG) C ejn£{KG) and therefore em<j£{KG) = (t£{KG), hence 

e™5(A'G) = a£{KG) - ^5,a™5(ifG). 

If this sum is not direct, then for some s with 1 < s < r, we have gsOim£{KG) n 
TliiJ^s 9i'^m£{KG) ^ 0, and without loss of generality we may assume that s = 1. 

So let 7^ a; e giam£{KG) n Y.\=2 9iar,i£{KG). Then / xU{G) C giamU{G) 
and (|2.9p shows that xU{G) = giamU{G). It follows that giamU{G) C X]I=2 9iCtmU{G), 
consequently 

r 

y^gtam^(G) = emU{G), 

i=2 

which contradicts (|2.8p and our claim is established. 

Now we show that giam£{KG) is an irreducible £^(iirG)-module. Suppose ^ 
X G giam£[KG). Then xU{G) = giamU{G) by (|2.9[) and using Lemma [231 we see 
as before that xx* + X][=2 9i'^i(^*i9i + 1 — e™ is a unit in U{G) and hence is also 
a unit in £{KG). This proves that x£{KG) — giam£{KG) and we deduce that 
£{KG) is a finite direct sum of irreducible £(i^G)-modules. It follows that £{KG) 
is a semisimple Artinian ring. D 

Proposition 2.10. Let G he a group with A(G) finite and let K he a suhfield of 
C with K = K which contains all |A(G)|-t/i roots of unity, e.g. K = C or K is the 
algebraic closure of Q in C. Then £{KG) — 'D{KG). 

Proof. If e is a central idempotent in U{G), then e G A/'(A(G)), in particular 
e G CG, and by our assumption on K even e G i^G. The result follows. D 

The following result is well known, but we include a proof. 

Lemma 2.11. Let G be a group, let e he a projection in M(G), and let a G A/'(G). 
Then tT{eaa*e) < tr(aa*). 
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Proof. Since tr{xy) — tr{yx) for all x,y ^ J\f{G), we see that tr(eaQ;*(l — e)) — 
tr((l — e)aa*e) = 0. Therefore tr(aQ;*) — tr(eaQ;*e) + tr((l — e)aa*{l — e)). Since 
tr((l - e)aa*{l — e)) > 0, the result follows. D 

Lemma 2.12. Let G be a group, and let (a„) be a sequence in M{G) converging 
strongly to a. Suppose that kera = 0. Then divcij^/ iQ\{keT: an) converges to 0. 

Proof. By the principle of uniform boundedness, ||q;„|| is bounded. Also by mul- 
tiplying everything by a unitary operator if necessary, we may assume that a is 
positive. Then a„ — a converges strongly to and (a„ — a)* is bounded, hence 
(a„ — a)* {an — a) converges strongly to and in particular lim„_,oo tr((a„ — 
a)*(a„ — a)) ~ 0. Let e„ £ A/'(G) denote the projection of £^(G) onto kera„. 
Then e„a* — a„e„ = and using Lemma 12.111 we obtain 

tr((a„ - a)*{an ~ a)) > tr(e„(a„ - a)*(a„ - a)en) 
= tr(e„a*ae„) > 0. 

Thus lim„^oo tr(e„a*ae„) = 0. Suppose by way of contradiction that lim„^oo ^^''^j^(g) (ker a„) ^ 
0. Then by taking a subsequence if necessary, we may assume that dim^^g) (ker a„) > 
e for some e > 0, for all n e N. By considering the spectral family associ- 
ated to a* a [TOl Definition 1.68], there is a closed a* a- invariant A/'(G)-submodule 
X of £'^{G) and a, 5 > such that dim_v(G) (-'^) > 1 - e/2 and a*a > S on 
X. Because dmij\/(^Q-j{X) > 1 — e/2 and dim7v'(G)(kerQ!„) > e, we find that 
dimj^ (^Q) {X nkei an) > e/2 (use y[Oj Theorem 6.7]). Let /„ denote the projection of 
i^{G) onto Xnkera„, so tr/„ > e/2. Since a*a > 6 on Xnkera„, /««*«/„ > (5/„, 
and because of positivity of tr we see that tr(/„a*a/„) > tr((5/„) > Se/2. There- 
fore tr(e„a*ae„) > eS/2 by Lemma |2.11[ which shows that tr(e„a*ae„) does not 
converge to 0, and the result follows. D 

Proposition 2.13. Let G be a group with A+(G) = 1 and let K be a subfield o/C 
that is closed under complex conjugation. Assume that lcm(G) = d G N and that G 
satisfies the strong Atiyah conjecture over K . Then T>{KG) is a d x d matrix ring 
over a skew field. 

Let p be a prime, let q be the largest power of p that divides d, and let iJ < G 
with \H\ = q {so H is a "Sylow" p-subgroup of G). Set e — - J2heH ^^ ^ projection 
in QH . We shall use the center valued von Neumann dimension dim", as defined 
in ilO, Definition 9.12]. Since A+(G) = 1, we see that dim"(eW(G)) = 1/q and 
dim"((l - e)U{G)) ^ {q - l)/q. Therefore by [lOl Theorem 9.13(1)], 

(1 - e)U{G) ^ elA{G)''-^ 

and we deduce that there exist orthogonal projections e ~ ei,e2, . . . ,6^ G ^(G) 
(so e^ej = for i ^ j) such that X]?=i ^i = 1 and eiU{G) = eU{G) for all i. By 
[21 Exercise 13.15A, p. 76], there exist similarities (that is self adjoint unitaries) 
Ui G U{G) with ui — \ such that e^ = Uieut. There is a countable subgroup F of 
G such that Ui G J\f{F) for all i. By the Kaplansky density theorem [l] Corollary, 
p. 8] for each i {1 < i < q) there exists a sequence Uij G KF such that Uij — > Ui 
as J — > 00 in the strong operator topology in A/'(F) with uij — 1 for all j. Set 
Vj — X]i=i UijCUij. Then Vj — > X]?=i ^i — ^ strongly, hence for 1 < i < q, 

lim dinijyf/p\{vjU{F)) — lim dinij^j-/p\{uijU{F)) = 1 

j—^oo J— ^oo 
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by Lemma EH Now dimj^^F){xU{F)) = dim^(G)(x^Y(G)) for all x G U{F), 
consequently 

lim diraj^/Q) VjU(G) — lim <lv[af^fiQ\{uijU(G)) = 1 for 1 < i < q, 

j — VOO j — *CXj 

and since by assumption G satisfies the strong Atiyah conjecture over K, there 
exists n £ N such that dimjv'(G) ■'^i^(G') — diin_^f (^G){uijU{G)) = 1 for I < i < q 
for all j > n, in particular dim^(G)(w„Z-/(G')) = diin^(^Qj{uinU{G)) — 1 and we 
conclude that w„ and Uin (!<*<'?) are units in IA{G). Therefore w„ and Uin 
{1 < i < q) are units in 'D{KG) and we deduce that X)?=i UineD{KG) — T>{KG), 
because 

q 1 

D{KG) = VnD{KG) = J2{u^neu,n)D{KG) C ^ 7x„ei?(if G) C DiKG). 

1=1 i=l 

Since dim^(g) eU{G) — 1/q, we see that 0^^^ UineU{G) — U{G), a direct sum, 
and we deduce that 

(2.14) u^ncViKG) - ViKG), 

i=l 

also a direct sum. 

Now suppose that e is a central idempotent in C{'D{KG)). We want to prove 
that e = or 1, so assume otherwise. Now euineU{G) = eeU{G) for all i, which 
implies that dim^(^Q-^ {eU{G)) = qdini^(^Q-^{ed/l{G)). Moreover, because of the 
Atiyah conjecture, d dim j^tQ\{eeU{G)) G Z. These two observations together imply 
that ddiuij^(^Q-^{eU{G)) G qZ. Since this is true for all primes p, it follows that 
dimjv'(G) £U{G) G Z, so and 1 are the only central idempotents of C{T>{KG)). 

Summing up, we have shown that C{'D{KG)) contains no nontrivial central idem- 
potents. Using Theorem l2.61 we see that 'D{KG) is a semisimple Artinian ring with 
no nontrivial central idempotents. Thus V{KG) is an I x I matrix ring over a di- 
vision ring for some ^ G N. In particular, V^KG) is the direct sum of / mutually 
isomorphic P(iirG)-submodules, so if / is a primitive idempotent in 'D{KG), we see 
that dim^((3)(/W(G)) = l/l. Furthermore Lemma [2.31 for Lemma [2. 4p show that 
l\d. On the other hand (|2.14p shows that q\l, for all primes p, so d\e and the result 
follows. 



Proof of Theorem \1.3[ If G satisfies the strong Atiyah conjecture over K, then 
T>{KG) is a d X d matrix ring over a skew field by Proposition 12.131 Conversely 
suppose T>{KG) is a d x d matrix ring over a skew field F. We need to show that 
if M is a finitely presented iiTG-module, then lcm(G) dim^((3) M (^kg U{G) G Z. 
However 

M ®KG U{G) ^ M ®KG Md(F) ®M,(F) ®U{G), 

consequently (M ®kg U{G)Y is a finitely generated free iY(G)-module and we 
conclude that lcm(G) dim^(G') M ®kg U{G) G Z as required. D 

3. EmBEDDINGS in ^-REGULAR RINGS 

There are other closures of group rings KG in U{G) which may be useful, espe- 
cially when lcm(G) = oo. In general the intersection of regular subrings of a von 
Neumann regular ring is not regular [5} Example 1.10], however we do have the 
following result. 
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Proposition 3.1. Let G he a group and let {Rt \ i ^2} be a collection of ^-regular 
subrings oflA{G). Then Hiei ^i ^^ '^^■^^ a ^-regular subring ofU{G). 

Proof. Set 5* — C\i^-xRi- Obviously S* is a *-subring of U{G); we need to sliow 
that S is ^-regular, that is given s ^ S, there is a projection e G S* such that 
sS — eS. We note that 'D{Ri,U{G)) = Ri for all i. Indeed if a; e i?i and x is 
invertible in IA{G), then xRi = cRi where e is a projection in i?^, consequently 
xU{G) = eU{G) and since x is invertible in U{G), we must have e = 1 and we 
deduce that xRi = Ri. Similarly RiX = Ri and thus x is invertible in Ri, so 
T>{Ri,U{G)) — Ri as asserted. Since Ri is ^-regular, for each i E 2, there is a 
projection e^ G Ri such that CiRi = sRi. We now have eiU{G) — ejU[G) for all i,j 
and we deduce that e^ = Cj for all i,i G I, so there exists f E S such that f = Ci 
for all i. Since fU{G) — sU{G), we see that /s = s, so s G fS and hence sS" C fS. 
Thus the result will be proven if we can show that ss* S ^ fS. By Lemma 12.51 

{ss* + (1 - /))Z^(G) D (1 - /)Z^(G) + sW(G) = (1 - fpiG) + fU{G) = U{G) 

and we see that ss* + 1 — / is a unit in U{G). Let t G U{G) be the inverse of 
ss* + 1 — /, so 

(3.2) {ss* + I - f)t = I. 

Since 'D{Ri,U{G)) = Ri for all z, we deduce that t G -Ri for all i and hence t E S. 
Moreover fs = s and /(I — /) = 0, so if we multiply (|3.2p on the left by /, we 
obtain ss*t — f and the result is proven. D 

Thus if X is a subfield of C that is closed under complex conjugation and G is 
any group, then there is a least subring of IA{G) containing KG that is ^-regular. 



[6: 
[7: 
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